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Class 1

Probability Spaces and Random Variables

Adiscrete probability space (), P) is a finite or countably infinite set of outcomes () together
with probabilities P(w) = 0 thatadd up to one. An eventis a subset A c (1, and its probability

is

P(4) = Z P(w).
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Unions, intersections and complements of events translate “or”, “and” and “not”. If A and B
are disjoint, P(A U B) = P(4) + P(B), and in particular P(A%) = 1 — P(4).

A random variable X assigns a real number X(w) to each outcome. Its expectation and

variance are

B = ) X(@P@), V) = E((X —E (0))?) = EX?) — EQD?,

wEN
and the covariance and correlation of X and Y are

Cov(X,Y)
Cov(X,Y) = E(XY) — E(X)E(Y), pxy = ——— € [-1,1].
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Linear Combinations
ForZ = aX + (Y, expectations are linear while variances pick up the covariance:

E(Z) = aEX) +BEY), V() =a?V(X)+p2V(Y)+2aB Cov(X,Y). (1)

If X1, ..., X, are uncorrelated with common variance o2, the sum has variance ng? and the
average has variance az/n. A sum of n shocks therefore drifts a distance of order 4/n, the
scaling that will turn a random walk into Brownian motion.



Joint and Marginal Distributions

The probability mass function (pmf) of X is px(x) = P(X = x), so that E(X) = X, x px(x).
Thejointpmfpyy(x,y) = P(X = x,Y = y) contains everythingabout X and Y. Summing over
one variable recovers the other’s pmf,

px() = ) payCoy)  rO) = ) pry(ey),
y x
and expectations of functions of both variables are E(f (X, Y)) = X, X, f (x,¥) pxy(x,¥).

Conditioning and Independence
The conditional probability of A given B, for P(B) > 0, is

P(A N B)

P(4|B) = P

Learning B discards the outcomes outside B and rescales therest. If By, B, ... partition (), the
law of total probability reads

P(4) = ) P(4 1 B)P(By) @)
k

Events A and B are independent if P(AN B) = P(A)P(B), and random variables are
independent if their joint pmf factors, pxy(x,y) = px(x) py(y). Then E(f(X)g(Y)) =
E(f(X))E(g(Y)) for any functions f and g, so independent variables are uncorrelated. The

converse fails: X uniformon {—1,0,1} and Y = X? are uncorrelated, yet Y is a function of X.

Information and Conditional Expectation

A random variable splits Q into the cells on which it takes each value. Observing it reveals
which cell contains the true outcome and nothing more. The events that are unions of cells
form the information set it generates. A random variable is known given an information set

F when itis constant on every cell.

If F is generated by the partition C;, €5, ..., the conditional expectation of Y given F averages
Y over the cell that occurred,



E(Y1c,)

W n Ck- (3)

EYIF) =
Itis a random variable known given F: our best forecast of Y with the information in F. Four

properties do almost all the work in this course.

Linearity. E(aY + bW | F) = aE(Y | F) + bE(W | F).

Taking out what is known. If W is known given F, then E(WY | F) = W E(Y | F).
Independence. If Y is independent of F, then E(Y | F) = E(Y).

Tower property. IfG c F,thenE(E(Y | F) | G) = E(Y | §),andinparticularE(E(Y | F)) =
E(Y).
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Filtrations

A filtration Fy c F; c F, c --- describes information that accumulates and is never forgot-
ten. With independent coin flips X,, = +1 and F, generated by the first n flips, each flip splits
every cell in two, as in Figure 1. The random walk S, = X; + -+ + X,, is known at time n and

the next flip is independent of F,,, so
E(Sns1 | F) = Sp + E(Xpy1) = S 4)

A process whose best forecast is its current value is a martingale.

HH,S=2

HT,S=0

TH,S=0

TT,S=-2
n;O n;1 n;Z

Figure 1: Two flips of a fair coin. Each node is a cell of the partition generating F,, and shows the value

of the random walk §,,.



Practice Problems

1. A portfolio holds two corporate bonds that default independently over the next year with
probabilities 0.10 and 0.20. Let N be the number of defaults.

a. Find the probability mass function of N.
b. Compute E(N) and V(N).
c. Given that at least one bond defaults, what is the probability that both default?

2. The economy expands next year with probability 0.7 and enters a recession with proba-

bility 0.3. A firm defaults with probability 2% in an expansion and 10% in a recession.

a. Use the law of total probability to compute the probability that the firm defaults.
b. Given that the firm defaults, what is the probability that the economy was in a reces-
sion?

3. Two random variables satisfy V(X) = 4,V(Y) =9and V(X +Y) = 7.

a. Compute Cov(X,Y) and py y.
b. Compute V(X —Y)and V(2X —Y).

4. The table below describes two random variables on a sample space with four outcomes.

Outcome Probability X Y
w1 0.20 4 1
w2 0.30 2 1
w3 0.10 6 0
Wy 0.40 0 O

Write down the partition generated by Y and list the events in Fy.

Is Y2 known given Fy? Is XY? Explain.

Compute E(X | Fy) on each cell and verify that E(E(X | Fy)) = E(X).
Use the properties of conditional expectation to compute E(XY | Fy).
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Are X and Y independent? Explain.
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