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Stochastic Calculus Table

The It6 Integral

For an adapted process b, with E(fot b? ds) < oo, the integral I, = fot b dB; is a martingale with

t t
E(l,) =0, E(1§)=E<L bgds) [1,1]t=f0 b? ds.

For a deterministic integrand, fotf(s) dB ~ N(O, fotf(s)2 ds).

Ito Processes

An 1t6 process satisfies dX; = a, dt + b, dB;, with drift a; and volatility b;. It is a martingale only if its drift is zero.
Products of increments follow the table below, where the increments of B; and B, have correlation p.

Product | dt dB; dB;
dt 0 0 0
dB; 0 de pdt
dB, 0 pdt de

For dXt = a: dt + bt dBl and dYt = Ct dt + dt de, the table giVeS

t
(dX)? = b2dt,  (dX)(dY,) = pb,d,dt,  [X,X], = f b2 ds.
0

Ito’s Formula
ForY: = f(X;, t),

U O L e of

For a function f(x, y, t) of two Itd processes, with the product rule as the case f(x,y) = xy,

i o*f

of of of 9%f
ooy (AP ie 2972¢

_ ) -J _J —__ 7 2
df = g de+ 5o dX+ d“za ~(dX)? +

dr)?,

d(X,Y,) dX, dv, dX,dY,

d(X¢Ye) = X, dYe + Ve dX, + (dX)(dYp), XYt X; Tt X_tTt




Girsanov’s Theorem

LetZ; = exp(—BBT - %GZT) and P*(4) = E(ZTIL{A}). Under P*, the process B; = B; + 0t is a Brownian motion, so
dBt = dBifk - 0 dt, dXt = (at - th) dt + bt dBi-k

The change of measure shifts the drift by —8b, and leaves the volatility unchanged.

Geometric Brownian Motion
The stock price follows dS;/S; = udt + o dB;. Then
dlnS, = (u - %02) dt+odB, Syr=35, exp((u — %O'Z)T + aBT),
sothatIn Sy ~ N(lnSO + (u — %UZ)T,O'ZT), and
E(Sy) = Soet™,  SD(Sp) = E(SpWeo™ —1,  Median(Sy) = Spel# 7).

For X; = f(S; t),

of 1 ., 0*f of af
dX, = (uS, 2% + co2s522L 4 I °L 4a,.

A power of the stock price is again a geometric Brownian motion:

d(ss?)
sE

(a,u + %a(a - 1)0‘2) dt + ao dB;.

Poisson Process and Brownian Motion

Property Poisson process N, Brownian motion B,
Increment over (s, t] Poisson, mean A(t — s) Normal, variance t — s

Paths Step functions, jumps of size one  Continuous, nowhere differentiable
Martingale Ny — At B;

Second martingale (N, —A)2 — At B? —t

Exponential martingale eONe-At(e?-1) OBe—30%

Quadratic variation N (random) t (deterministic)
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