
Topics in Quantitative Finance Prof. Lorenzo Naranjo

FIN 5018 Fall 2025

Problem Set 5

Instructions: This problem set is due on 10/13 at 11:59 pm CST and is an individual

assignment. All problemsmust be handwritten. Scan your work and submit a PDF file.

Problem 1. In this problem all parameters are constant, and the time interval is [0, 𝑇]. A

non-dividend paying stock 𝑆 follows a GBM

𝑑𝑆

𝑆
= 𝜇𝑆𝑑𝑡 + 𝜎𝑆𝑑𝐵.

The stochastic discount factor is such that

𝑑Λ

Λ
= −𝑟𝑑𝑡 − 𝜆𝑑𝐵Λ,

where 𝑑𝐵𝑑𝐵Λ = 𝜌𝑆,Λ𝑑𝑡. As always, the money-market account 𝛽 satisfies 𝑑𝛽 = 𝑟𝛽𝑑𝑡.

a. Compute

𝑑𝐵∗ = 𝑑𝐵 −
𝑑ℰ

ℰ
𝑑𝐵,

where ℰ = Λ𝛽.

b. Determine the dynamics of 𝑆 under the risk-neutral measure P
∗
defined as

𝑑P∗

𝑑P
= ℰ𝑇.

c. Compute

𝑑𝐵𝑆 = 𝑑𝐵 −
𝑑ℰ𝑆

ℰ𝑆
𝑑𝐵,

where ℰ𝑆 = Λ𝑆.

d. Determine the dynamics of 𝑆 under the alternative measure P
𝑆
defined as

𝑑P𝑆

𝑑P
= ℰ𝑆𝑇 .
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e. In class we saw that the price of a European call option written on 𝑆with strike price𝐾

and expiring at 𝑇 is

𝐶 = 𝑆P𝑆(𝑆𝑇 > 𝐾) − 𝐾𝑒−𝑟𝑇 P∗(𝑆𝑇 > 𝐾).

In the formula, explain why the risk-adjusted probability of the first term is different

from the risk-adjusted probability of the second term.

Problem 2. In the model of Schwartz and Smith (2000), the spot price of a commodity is

modelled as

𝑆 = 𝑒𝑥+𝑦,

where

𝑑𝑥 = 𝜇𝑑𝑡 + 𝜎𝑥𝑑𝐵𝑥,

𝑑𝑦 = −𝜅𝑦𝑑𝑡 + 𝜎𝑦𝑑𝐵𝑦,

and 𝑑𝐵𝑥𝑑𝐵𝑦 = 𝜌𝑥,𝑦𝑑𝑡. In class we saw that we can solve for 𝑥𝑇 and 𝑦𝑇 as

𝑥𝑇 = 𝑥0 + 𝜇𝑇 + 𝜎𝑥�
𝑇

0

𝑑𝐵𝑥𝑡,

𝑦𝑇 = 𝑦0𝑒
−𝜅𝑇 + 𝜎𝑦𝑒

−𝜅𝑇�
𝑇

0

𝑒𝜅𝑡𝑑𝐵𝑦𝑡,

a. Explain why 𝑥 captures permanent shocks to 𝑆.

b. Explain the mechanism that makes shocks to 𝑦 to bemean-reverting.

c. Explain intuitively why 𝑥𝑇 and 𝑦𝑇 are jointly normally distributed.

Problem 3. Suppose that a non-dividend paying stock 𝑆 follows a geometric Brownian

motion under the risk-neutral measure such that

𝑑𝑆

𝑆
= 𝑟𝑑𝑡 + 𝜎𝑑𝐵∗,

where 𝑟 and 𝜎 are constants. Compute the futures price of 𝑆 expiring at time 𝑇 as 𝐹(𝑇) =

E
∗(𝑆𝑇).
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