Lorenzo Naranjo October 15, 2026

The Lognormal Distribution

The Black-Scholes model assumes that the price of a stock at a future date has a
lognormal distribution: its logarithm is normally distributed. This chapter collects the
facts about the normal and lognormal distributions that the next chapters use. We show
how to compute probabilities, the mean and standard deviation of a lognormal random
variable, and the partial expectations that turn into the two terms of the Black-Scholes
formula.

Why the Lognormal Distribution

Suppose a stock trades at S, today and at Sy at a future date T. Its continuously com-
pounded return over the period is R = In(S7/S,), so that S; = Sye®. Split the period into
many short subperiods, and let R, R,, ..., R,, be the continuously compounded returns
over each of them. Continuously compounded returns add up over time,
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If the returns over different subperiods are independent and none of them dominates
the sum, the central limit theorem says that R is approximately normal, whatever the
distribution of each R;. The price Sy = SyeFR is then the exponential of a normal random
variable, which is what we call a lognormal random variable.

The lognormal distribution has two features that suit stock prices. A lognormal random
variable is always positive, consistent with the limited liability of a stock, and its distrib-
ution is skewed to the right: a stock can at most lose all of its value, but it can gain several
times its value. The binomial trees of the previous chapters already have this structure,
since every period multiplies the stock price by u or d, and the logarithm of the price is
a sum of independent steps.



The Normal Distribution

A random variable X is normally distributed with mean u and standard deviation o,

written X ~ V' (u, 02), if its probability density function (PDF) is
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The density is the familiar bell curve, symmetric around u, with inflection points at u —
candu+o.
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Figure 1: The figure shows the density function of a normally distributed random variable with
mean u and standard deviation o.

Moments of the Normal Distribution

IfX ~ N (u,02),thenE(X) = uand V(X) = 2.

Proof

Let Z = (X — u)/o, which has the standard normal density ¢(z) = e‘ZZ/Z/\/Zn. The
function ze(z) is odd, soitsintegral over the reallineis zeroand E(Z) = 0. Since ¢’ (2) =

—z@(z), integrating by parts gives
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E(Z?) = j-°° z-zp(z)dz = [—ch(z)]‘ioOo +f p(z)dz=0+1=1,
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soV(Z) = 1. Therefore, E(X) = u+ 0 E(Z) = uand V(X) = 62 V(Z) = 2. O

The Standard Normal Distribution

When u = 0 and 0 = 1, we say that Z ~ N (0, 1) has the standard normal distribution.
Its cumulative distribution function (CDF) is denoted by the capital Greek letter & (phi),
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the area under the density to the left of z.
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Figure 2: The blue shaded area represents ®(z).

The integral has no closed form, so ®(z) is obtained from a table or a computer. In
Python, SciPy computes ®(—0.4) as follows:

from scipy.stats import norm

print(norm.cdf(-0.4))



0.3445782583896758

In Excel, =norm.s.dist(-0.4,TRUE) gives the same answer.

Every normalrandom variable is a standard normalin disguise. If X ~ ]V"(,u,az), then its
z-score Z = (X — n)/o hasthe standard normal distribution, sothatX = u + oZ. We will
use this representation throughout.

Computing Probabilities

To compute the probability that X is below a value x, we translate the statementinto one
about Z:

P(XSx):P<X_“sx_”>=c1>(x_”).
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Example 1. Suppose that X ~ N'(u, 02) with u = 10 and ¢ = 25. The probability that
X<0is

0-10
25

PX<0)=o ( ) = ®(—0.40) = 0.3446.

The probability of the whole distribution is one, so the right-tail probability is

P(X >x)=1-P(X < x).
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Figure 3: The right-tail probability is the probability of the whole distribution, which is one, minus
the left-tail probability.



Since the standard normal density is symmetric around zero, the area to the right of z
equals the area to the left of —z, so that 1 — ®(z) = ®(—z). We will use this identity to

write right-tail probabilities as values of ®.

Example 2. Suppose that X ~ N (u, 02) with u = 10 and ¢ = 25. The probability that
X>12is

12 -10

P(X>12):1—CI>< -

> =1-®(0.08) =1-0.5319 = 0.4681.

O

The probability that X falls in an interval (x4, x5 ] is the area to the left of x, minus the area

to the left of x4,

P(x; <X <x3) =PX <x3) —P(X < xy9).
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Figure 4: Subtracting the area to the left of x; from the area to the left of x, gives the probability
thatx; < X < x,.

Example 3. Suppose that X ~ V' (u,062) with u = 10 and ¢ = 25. The probability that

2< X <14is
p2<x<14)= o E10) _ 4 (2210
( s14) = 25 25

= ©(0.16) — d(—0.32)
= 0.5636 — 0.3745 = 0.1891.




Percentiles and Probability Intervals

We often need the reverse calculation: the value that leaves a given probability in the
tail. For a standard normal Z, the right-tail percentile z, is the value above which the
probability is a,

P(Z >z,)=a,  orequivalently z,=® 1(1-a),

where ®~1 is the inverse of ®.
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Figure 5: The right-tail percentile is the value z, that gives an area to the right equal to a.

Like @, its inverse has no closed form. In Python, norm.ppf computes it, so that zy o,5 =
®~1(0.975) is

print(norm.ppf(0.975))

1.959963984540054

In Excel, =norm.s.inv(0.975) gives the same result. The table below shows the values

we use most often.



a Z,
0.050 1.645
0.025 1.960
0.010 2.326
0.005 2.576

By symmetry, Z falls between —z,/, and z,, with probability 1 — a, leaving a/2 in each
tail. For instance, Z lies in [—1.96, 1.96] with probability 95%.
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Figure 6: The areas on each side are both equal to a/2.

Since X = u + oZ, the same statement for X ~ N (g, 02) isthat X liesin
[1— Zg/20, 4+ Za/ZG]

with probability 1 — a. We call this interval a (1 — a) probability interval for X. It is
often called a confidence interval, although in statistics that term refers to an interval
estimated from data.

Example 4. Suppose that X ~ N (u, 02) with 4 = 10 and o = 25. Since z; ;5 = 1.96,
the 95% probability interval for X is

[10 — 1.96(25),10 + 1.96(25)] = [-39, 59].



Exponentials of a Normal Random Variable

One formula does most of the work in the rest of this chapter. It gives the expected value

of e®X for any constant a, the moment generating function of the normal distribution.

Expected Exponential of a Normal Random Variable

If X ~ NV (u, 02), then for any constant a,
1
E (e%¥) = et;0%0" (D

Proof

Let ¢(z) = e‘zz/z/\/27r be the standard normal density. Completing the square, az —
%Zz = —%(z —a)? + %az, so that

e p(z) = e:% p(z — a). @

12
The right-hand side is e2® times the density of a normal random variable with mean a
1.2
and variance one, which integrates to one. Integrating both sides gives E(e%?) = ez for
a standard normal Z. Writing X = u + oZ,

E (eaX) = e E (eCI.O'Z) — ealﬁ'%aZgz'

O
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The term Eazaz in (1) is worth noticing. Since e* is convex, the expected value of %%

is larger than e?EX) = ¢

atand the gap grows with the variance of X. The same term
reappears in the next chapter as the difference between the expected return of a stock

and the growth rate of its price.



The Lognormal Distribution

If X ~ N (u,02), then Y = eX is lognormally distributed with parameters u and 2. The
parameters are the mean and variance of In(Y), not of Y. Figure 7 compares the two

densities.
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Figure 7: The figure shows the difference between a normal and a lognormal PDF with the same

parameters.

Lognormal Density

If Y is lognormally distributed with parameters u and o2, its PDF is
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Proof

Fory > 0,the CDFofYisP(Y < y) = P(X < In(y)). Differentiating with respectto y and
using the chain rule, the density of Y is the normal density of X evaluated atIn(y), times

the derivative d In(y)/dy = 1/y, which is the expression above. O

Unlike the normal density, the lognormal density is not symmetric. A normal random
variable can take any realvalue, whereas alognormalrandom variable is always positive,



and its long right tail means that large values are more likely than equally distant small

ones.

Computing Probabilities

The logarithm is an increasing function, so any statement about Y can be translated into

a statement about the normal random variable In(Y):

In(y) — M)_

P(Y <y) = P(In(Y) < In(y)) = ® < -

Example 5. LetY = e**15Z where Z ~ V(0, 1). The probability thatY < 100 is

In(100) — 4

P(Y <100)=P|Z <

) = @(0.4034) = 0.6567.

O

Probability intervals translate in the same way. If In(Y) liesin [ — z4 /50, U + 24/, 0] with
probability 1 — @, then Y lies in [e#~%a/29, eH*Za/27] with the same probability.

Example 6. LetY = e**t15Z where Z ~ V(0, 1). The 95% probability interval for Y is
[84_1'96(1'5), e4+1.96(1.5)] — [289, 103277]

The interval is far from symmetric around e* = 54.60, the value of Y when In(Y) is at its

mean. O

Moments

Since Y@ = e%¥, the moments of Y follow directly from (1).
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Moments of a Lognormal Distribution

LetY = eX where X ~ V' (u,0?). For any constant a,
E(Y?) = eau+%a202.
In particular,

E(Y) = eh*27,

V(Y) = e2Hto” («3"2 — 1),

SD(Y) = E(Y)Veo” — 1.

Proof
The first formula is (1). Taking a = 1 gives E(Y), and taking a = 2 gives E(Y?) = e2#+20°
so that

V(Y) = E(r?) — E(Y)? = e2#¥20" — o2u+0” = o2uto? (g% _ 1),

and the standard deviation is its square root. m|

Example 7. LetY = e**152 where Z ~ V'(0, 1). The expectation and standard devia-

tionof Y are

E(Y) = e*t05(15%) = 168.17,
SD(Y) = 168.17+ el5* — 1 = 489.95.

O

The mean of Y is not e#. Half of the distribution of In(Y) lies below u, so the median of

1
Y is e, while its mean e’”iaz is larger. A few very large values pull the mean above the
typical value. In Example 7 the median is e* = 54.60 and the meanis 168.17, and Y falls

below its mean with probability (D(%O') = ®(0.75) = 0.7734.
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Partial Expectations

A call option with strike price K pays Y — K ifY > K and nothing otherwise. To write such
payoffs compactly, we use the indicator function

_(1ifYy>K,
Yy>ky = 0if Y<K,

so that the payoff of the call is max(Y — K,0) = Y1y~ — K1y k3. Its expected value
requires two partial expectations, which average Y and K only over the outcomes where
the option is exercised.

Partial Expectations

LetY = eX where X ~ V' (u,0?), let K > 0, and define

_ u—In(K)
T 0

Then
P(Y >K)=®(d), E(Y1lysx)=EXY)P+0),

1
where E(Y) = e"*29” The second partial expectation is E(K1ysky) = K P(Y >
K) = K &(d).
Proof

Write Y = e#*t9Z with Z standard normal. Then Y > K exactly when Z > —d, so that
P(Y > K)=1—-®(—d) = ®(d). For the partial expectation, (2) with a = o gives

oo 1 [ee]
E(Ylysky) = e”f e%%¢p(z)dz = eh*37" f @(z—0)dz =E(Y)P(Z + 0o > —d),
-d —d

andP(Z + 0 > —d) = P(Z > —(d + 0)) = ®(d + o). O

The first result is the probability that the option is exercised. The second is the full mean
of Y times a probability whose argument is shifted from d to d + 0. Weighting each
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outcome by Y = e#*9Z gives more weight to high values of Z, and the effect is the same
as shifting Z to the right by o.

Example 8. Let Y = e**152 where Z ~ N'(0,1), and let K = 100. Then d = (4 —
In(100))/1.5 = —0.4034 and d + o = 1.0966, so that

P(Y > 100) = #(—0.4034) = 0.3433,
E (Y1ys1003) = 168.17 #(1.0966) = 145.23.
The expected payoff of a call on Y with strike price 100 is E(max(Y — 100, 0)) = 145.23 —
100 x 0.3433 = 110.90. m|

The Black-Scholes chapter computes the price of a call in exactly this way: it takes the
expected payoff of the option under a particular lognormal distribution and discounts it
at the risk-free rate.

Practice Problems

Solutions to all problems can be found at lorenzonaranjo.com/class-materials/deriva-
tives/.

Problem 1. Suppose that X is a normally distributed random variable with mean u =
12 and standard deviation o = 20.

a. What s the probability that X < 07?

b. What is the probability that X < —4?

c. What is the probability that X > 87

d. What s the probability that4 < X < 10?

Problem 2. SupposethatXisanormallydistributed randomvariable withmeanu = 10
and standard deviation o = 20. Compute the 90%, 95%, and 99% probability intervals
for X.

Problem 3. Suppose that X = In(Y) is a normally distributed random variable with

mean u = 3.9 and standard deviation o = 15.

a. What s the probability thatY < 67?
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b. Whatis the probability thatY > 4?
c. Whatis the probabilitythat3 <Y < 12?
d. What s the probability thatY < 0?

Problem 4. Suppose that X is a normally distributed variable with mean u = 3.70 and
standard deviation ¢ = 0.80. If Y = eX, what is the probability that Y is greater than 45?

Problem 5. Suppose that X = In(Y) is a normally distributed random variable with
mean u = 2.7 and standard deviation ¢ = 1. Compute the 90%, 95%, and 99% proba-
bility intervals for X and report the corresponding values for Y.

Problem6. lLetY =e#*"?2 wherepy=1,0 =2andZ ~ N(0,1). Compute:

E(Y)

SD(Y) = \/E(Y?2) — E(Y)?
E(Y%3)

E(Y™D)

O O T o

Problem 7. LetY = eX where X ~ (i, 02%) with 4 = 4.75 and ¢ = 0.35. Compute
E(Y1ysos}), P(Y > 95), and the expected payoff E(max(Y — 95, 0)) of a call on ¥ with
strike price 95.
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