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American Options

In the following the cursive symbols 𝒞︀ or 𝒫︀ are used to denote an American call or put 

respectively, whereas their European counterparts are denoted by 𝐶 or 𝑃.

American Options Characteristics

American vs. European Option Premium

The main difference of American options compared to their European counterparts is 

that they can be exercised early. Knowing when to optimally exercise an American call or 

put is a challenging problem. This is the main reason why it is harder to price American 

options.

Because an American option has all the benefits of a European option but in addition 

has the possibility of early exercise, it has to be the case that its premium is at least as 

high as the premium on a European option with the same characteristics, i.e. we must 

have that 𝒞︀ ≥ 𝐶 and 𝒫︀ ≥ 𝑃.

Early-Exercise of American Options

It is never optimal to exercise early an American call option when the asset pays no 

dividends as long as the risk-free rate is positive. To see why, notice that if 𝑟 > 0, then we 

have that:

𝒞︀ ≥ 𝐶 ≥ 𝑆 − 𝐾𝑒−𝑟𝑇 > 𝑆 − 𝐾.

If it were optimal to exercise early, the price of the American call would be equal to its 

intrinsic value, violating the strict inequality. Intuitively, if interest rates are positive, there 

is no opportunity cost for not holding the stock but there is a benefit for holding cash. 

Hence, you are better off waiting until maturity to get the stock.
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This implies that for non-dividend paying stocks the value of an American call option with 

maturity 𝑇 and strike price 𝐾 is the same as the value of a European call option with the 

same characteristics.

When there are dividends, it might be optimal to exercise early an American call option 

just before the stock goes ex-dividend. For American puts, early exercise can be optimal 

even when the asset pays no dividends: exercising a deep in-the-money put delivers 𝐾 

now, and the interest earned on it can be worth more than keeping the option alive.

Negative interest rates reverse these conclusions. When 𝑟 < 0, holding cash costs 

money, so receiving 𝐾 early is no longer attractive and an American put on a non-

dividend paying asset is never exercised early, since 𝒫︀ ≥ 𝑃 ≥ 𝐾𝑒−𝑟𝑇 − 𝑆 > 𝐾 − 𝑆. For 

an American call, deferring the payment of the strike no longer saves interest: paying 𝐾 at 

maturity is worth 𝐾𝑒−𝑟𝑇 > 𝐾 today, so a deep in-the-money call can be worth exercising 

early.

In summary, exercising early is all about opportunity costs. If there is no opportunity cost 

in waiting, then it is never optimal to exercise early.

Option Bounds

As with European options, the premium of an American type option must be bounded 

above and below to prevent arbitrage opportunities.

If it is not optimal to exercise early, then an American call option is just a European call 

option and the pricing bounds that we saw before apply. For example, it is never optimal 

to early-exercise an American call written on a non-dividend paying asset if 𝑟 > 0. In that 

case we must have:

max(𝑆 − 𝐾𝑒−𝑟𝑇 , 0) ≤ 𝒞︀ = 𝐶 ≤ 𝑆

If we are analyzing a case where it might be optimal to exercise the American call option 

early, such as when the stock pays a dividend yield 𝛿 > 0, we then have the following 

pricing bounds.

First, the American call premium cannot be less than its intrinsic value. Indeed, we must 

have that 𝒞︀ ≥ 0. Additionally, when the American call is in-the-money, if its premium 
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was less than its intrinsic value, it would make sense to purchase the American call and 

exercise immediately which would yield an instantaneous arbitrage profit. This implies 

that the time value of the American call cannot be negative.

Second, the American call cannot trade for more than the price of its underlying asset. 

If not, it would make sense for an arbitrageur to sell the American call and buy the 

stock, generating an instantaneous profit. If the call is exercised at any point before or 

at maturity, the payoff of this strategy would be the strike price of the call. If not, the call 

will expire out-of-the-money and the arbitrageur could then sell the stock. This strategy 

is clearly an arbitrage since it generates a positive cash flow today and in the future.

Therefore, the principle of no-arbitrage implies that

max(𝑆 − 𝐾, 0) ≤ 𝒞︀ ≤ 𝑆.

Since 𝒞︀ ≥ 𝐶, the lower bound of the European call also applies, so the American call is 

worth at least the larger of 𝑆 − 𝐾 and 𝑆𝑒−𝛿𝑇 − 𝐾𝑒−𝑟𝑇.

For American put options we have a similar result. On the one hand, to prevent arbitrage 

opportunities, the put premium cannot be negative and when the American put is in-the-

money, the time-value of the American put cannot be negative as well.

On the other hand, the American put cannot trade for more than the strike. If not, it would 

make sense for an arbitrageur to sell the put and set aside an amount equal to the strike, 

in cash or, if the interest rate is positive, in a risk-free account. This strategy generates a 

positive cash flow today and if the put is exercised, the arbitrageur has at least 𝐾 to buy 

the stock from the buyer of the put, at which point it can be sold at its current price.

Thus,

max(𝐾 − 𝑆, 0) ≤ 𝒫︀ ≤ 𝐾.
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Put-Call Parity for American Options

Put-Call Parity for American Options

For American options written on non-dividend paying stocks, the put-call parity holds 

as two inequalities if 𝑟 > 0:

𝑆 − 𝐾 ≤ 𝒞︀ − 𝒫︀ ≤ 𝑆 − 𝐾𝑒−𝑟𝑇

Interestingly, these inequalities are reversed if 𝑟 < 0:

𝑆 − 𝐾𝑒−𝑟𝑇 ≤ 𝒞︀ − 𝒫︀ ≤ 𝑆 − 𝐾

Both inequalities imply that put-call parity holds in the same way as for European 

options if 𝑟 = 0:

𝒞︀ − 𝒫︀ = 𝑆 − 𝐾

Proof

To see why 𝒞︀ − 𝒫︀ ≤ 𝑆 − 𝐾𝑒−𝑟𝑇  when 𝑟 > 0, note that the American call is never exer

cised early when the asset pays no dividends and 𝑟 > 0, hence its value is equal to that 

of the European option, i.e. 𝒞︀ = 𝐶. For the American put, on the other hand, it might be 

optimal to exercise early if the option is deep in-the-money, implying that 𝒫︀ ≥ 𝑃. Putting 

everything together:

𝒫︀ ≥ 𝑃 = 𝐶 − 𝑆 + 𝐾𝑒−𝑟𝑇 = 𝒞︀ − 𝑆 + 𝐾𝑒−𝑟𝑇

or

𝒞︀ − 𝒫︀ ≤ 𝑆 − 𝐾𝑒−𝑟𝑇

Now we turn our attention to see why 𝑆 − 𝐾 ≤ 𝒞︀ − 𝒫︀ when 𝑟 > 0.

Strategy A: Long put and long stock

Cost = 𝒫︀ + 𝑆

Payoff = {𝐾 − 𝑆𝜏 + 𝑆𝜏 = 𝐾 if put is exercised at time 𝜏 ≤ 𝑇
𝑆𝑇 if put is never exercised
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Strategy B: Long call and 𝐾 today in a money-market account

Cost = 𝒞︀ + 𝐾

Payoff = {𝒞︀𝜏 + 𝐾𝑒𝑟𝜏 ≥ 𝐾 if put is exercised at time 𝜏 ≤ 𝑇
𝑆𝑇 − 𝐾 + 𝐾𝑒𝑟𝑇 ≥ 𝑆𝑇 if put is never exercised

Since the payoffs of strategy B dominate those of strategy A, we can conclude that the 

cost of B is greater than the cost of A, or that 𝒞︀ + 𝐾 ≥ 𝒫︀ + 𝑆 which is the same as 𝑆 −
𝐾 ≤ 𝒞︀ − 𝒫︀.

What happens when 𝑟 < 0? In this case the American put is never exercised early when 

the asset pays no dividends and 𝑟 < 0, hence its value is equal to that of the European 

option, i.e. 𝒫︀ = 𝑃. For the American call, on the other hand, it might be optimal to 

exercise early if the option is deep in-the-money, implying that 𝒞︀ ≥ 𝐶. Thus:

𝒞︀ ≥ 𝐶 = 𝑃 + 𝑆 − 𝐾𝑒−𝑟𝑇 = 𝒫︀ + 𝑆 − 𝐾𝑒−𝑟𝑇

which shows that:

𝒞︀ − 𝒫︀ ≥ 𝑆 − 𝐾𝑒−𝑟𝑇

To see why 𝒞︀ − 𝒫︀ ≤ 𝑆 − 𝐾 when 𝑟 < 0, let us analyze the following strategies.

Strategy A: Long put and long stock

Cost = 𝒫︀ + 𝑆

Payoff = {𝑆𝜏 + 𝒫︀𝜏 ≥ 𝑆𝜏 if call is exercised at time 𝜏 ≤ 𝑇
𝐾 − 𝑆𝑇 + 𝑆𝑇 = 𝐾 if call is never exercised

Strategy B: Long call and 𝐾 today in a money-market account

Cost = 𝒞︀ + 𝐾

Payoff = {𝑆𝜏 − 𝐾 + 𝐾𝑒𝑟𝜏 ≤ 𝑆𝜏 if call is exercised at time 𝜏 ≤ 𝑇
𝐾𝑒𝑟𝑇 ≤ 𝐾 if call is never exercised

Since the payoffs of strategy A dominate those of strategy B, we can conclude that the 

cost of A is greater than the cost of B, or that 𝒞︀ + 𝐾 ≤ 𝒫︀ + 𝑆 which is the same as 𝒞︀ −
𝒫︀ ≤ 𝑆 − 𝐾. □
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Example 1.  On 2/8/17, Facebook (FB) closing price was $134.20. As of that date, the 

stock does not pay dividends. Options on FB as on other stocks are American. Let us 

consider options on FB with maturity date 6/17/17. This implies that 𝑇 = 129/365 =
0.35. If we use a continuously compounded interest rate of 1.5% per year, we can 

compute the no-arbitrage bounds on these options.

Strike Call Price Put Price 𝑆 − 𝐾 𝒞︀ − 𝒫︀ 𝑆 − 𝐾𝑒−𝑟𝑇

120 17.30 2.50 14.20 14.80 14.83

125 13.61 3.75 9.20 9.86 9.86

130 10.25 5.45 4.20 4.80 4.89

135 7.45 7.60 −0.80 −0.15 −0.09

140 5.13 10.35 −5.80 −5.22 −5.06

145 3.47 13.65 −10.80 −10.18 −10.03

As can be seen from the table, the difference between calls and puts is well within the 

bounds predicted by the theory for all strikes. □

Factors Affecting American Option Prices

Variable American Call American Put

Current stock price + −
Strike price − +
Time-to-expiration + +
Volatility + +
Risk-free rate + −

Unlike European options, time-to-expiration has an unambiguous effect on American 

options: a longer-dated American option can do everything a shorter-dated one can, 

since its holder can always choose to exercise by the earlier date.
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Binomial Pricing of American Options

In order to accommodate the binomial pricing framework to American options, we need 

to allow for the possibility of early exercise at any point in time. This means that we 

should always compare the intrinsic value of the option, i.e. the value of exercising now, 

with the value of continuing given by the discounted risk-neutral expected value of future 

payoffs.

No arbitrage pins down the value of the option at each node. Call 𝐼 the intrinsic value 

and 𝐻 the continuation value. The option cannot trade below 𝐼, since otherwise we 

would buy it and exercise immediately. It cannot trade below 𝐻 either, since otherwise 

we would buy it, hold it for one more period, and sell the one-period replicating portfolio 

of its values next period, which costs 𝐻 today. And since the holder’s only choices are 

to exercise now or to wait, nobody would pay more than the better of the two. Hence the 

value of the option at each node is max(𝐻, 𝐼).

We will start by pricing an American put option on a non-dividend paying asset. To make 

the valuation problem interesting, we will use a two-period binomial tree.

As with European options, the stock price is 𝑆 and each period it goes up by 𝑢 or down 

by 𝑑 with risk-neutral probabilities 𝑞 and 1 − 𝑞, respectively. Therefore:

• 𝑆𝑢 = 𝑆 × 𝑢 and 𝑆𝑑 = 𝑆 × 𝑑
• 𝑆𝑢𝑢 = 𝑆𝑢 × 𝑢, 𝑆𝑢𝑑 = 𝑆𝑢 × 𝑑 = 𝑆𝑑 × 𝑢 = 𝑆𝑑𝑢 and 𝑆𝑑𝑑 = 𝑆𝑑 × 𝑑

An American put option expiring at 𝑇 and strike 𝐾 trades at 𝒫︀. The time-step is then Δ𝑡 =
𝑇/2.

The figure below shows the two-period tree for the stock and the American put option.
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We now turn our attention to price the American put. First, note that the value of the 

American put at expiration is just the intrinsic value of the option:

𝒫︀𝑢𝑢 = max(𝐾 − 𝑆𝑢𝑢, 0)

𝒫︀𝑢𝑑 = max(𝐾 − 𝑆𝑢𝑑 , 0)

𝒫︀𝑑𝑑 = max(𝐾 − 𝑆𝑑𝑑 , 0)

If the stock price goes up:

• The intrinsic value of the put is 𝐼𝑢 = max(𝐾 − 𝑆𝑢, 0).

• The continuation value is 𝐻𝑢 = (𝑞𝒫︀𝑢𝑢 + (1 − 𝑞)𝒫︀𝑢𝑑)𝑒−𝑟Δ𝑡.

• If 𝐼𝑢 > 𝐻𝑢 then the option should be exercised immediately, otherwise we should wait.

• Therefore, the price of the option at that time is 𝒫︀𝑢 = max(𝐻𝑢, 𝐼𝑢).

Similarly, if the stock price goes down, we have that 𝒫︀𝑑 = max(𝐻𝑑 , 𝐼𝑑).

Finally, the value of the American put is given by 𝒫︀ = max(𝐻, 𝐼), where:

𝐻 = (𝑞𝒫︀𝑢 + (1 − 𝑞)𝒫︀𝑑)𝑒−𝑟Δ𝑡

𝐼 = max(𝐾 − 𝑆, 0)

Example 2.  Let us price an American put option with maturity 6 months and strike $100 

written on a non-dividend paying stock using a two-step binomial model. The current 

stock price is $100, and it can go up or down by 5% each period for two periods. Each 

period represents 3-months, i.e. Δ𝑡 = 0.25. The risk-free rate is 6% per year (continu

ously compounded).
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The risk-neutral probability of an up-move is:

𝑞 =
𝑒𝑟Δ𝑡 − 𝑑
𝑢 − 𝑑

=
𝑒0.06×0.25 − 0.95

1.05 − 0.95
= 0.6511

The risk-neutral probability of a down-move is just 1 − 𝑞 = 0.3489. We then have that:

𝐻𝑢 = (0 × 𝑞 + 0.25 × (1 − 𝑞))𝑒−0.06×0.25 = 0.0859

𝐼𝑢 = max(100 − 105, 0) = 0

so that 𝒫︀𝑢 = max(0.0859, 0) = 0.0859, and

𝐻𝑑 = (0.25 × 𝑞 + 9.75 × (1 − 𝑞))𝑒−0.06×0.25 = 3.51

𝐼𝑑 = max(100 − 95, 0) = 5

which implies that 𝒫︀𝑑 = max(3.51, 5) = 5.

Finally,

𝐻 = (0.0859 × 𝑞 + 5 × (1 − 𝑞))𝑒−0.06×0.25 = 1.77

𝐼 = max(100 − 100, 0) = 0

so that 𝒫︀ = max(1.77, 0) = $1.77.

Note that the value of a European put with the same characteristics is 𝑃 = $1.26, imply

ing that the early-exercise premium is 1.77 − 1.26 = $0.51. Also, you can verify that the 
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value of an American call with the same characteristics is the same as the value of a 

European call, which is $4.22. □

Of course, the method can be used to price American options in trees with more than 

two periods, as the following example shows.

Example 3 (Pricing an American Put Option Using Four Periods).  In this example we 

price a one year American put option with strike price $100 written on a non-dividend 

paying stock that currently trades at $100 and whose volatility of stock returns is 35% 

per year. We use an interest rate of 6% per year with continuous compounding.

The option expires in one year and the binomial tree has four periods. Therefore, we have 

that 𝑇 = 1 and Δ𝑡 = 𝑇/4 = 0.25, so that 𝑢 = 𝑒0.35√0.25 = 1.1912 and 𝑑 = 1/1.1912 =
0.8395. The table below describes the binomial tree for the stock. Note that for conve

nience I wrote the tree as a lower triangle. The horizontal line describes the path where 

the stock price increases every period whereas the lower diagonal describes the path 

where the stock price goes down every period.

Time 0 0.25 0.50 0.75 1.00

Stock 100.00 119.12 141.91 169.05 201.38

83.95 100.00 119.12 141.91

70.47 83.95 100.00

59.16 70.47

49.66

The risk-neutral probability of an up-move is given by:

𝑞 =
𝑒0.06×0.25 − 0.8395
1.1912 − 0.8395

= 0.4993.

We can now price the American put as follows.
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Time 0 0.25 0.50 0.75 1.00

Put 11.03 3.91 0.00 0.00 0.00

18.46 7.92 0.00 0.00

29.53 16.05 0.00

40.84 29.53

50.34

In the table above, the last column contains the payoffs of the American put at maturity 

if it has not been exercised before. For example, if the stock price at maturity is 49.66, 

then the payoff of the put is 100 − 49.66 = $50.34 which is the last number on the last 

column. On the other hand, if the stock price at maturity 201.38, then the put is out-of-

the-money and the payoff is 0.

We work backwards on the tree by comparing the payoff generated by early-exercising 

the put with the value of continuation, which is computed as the expected payoff using 

the risk-neutral probabilities discounted at the risk-free rate for 0.25 years.

For example, in the third period, if the stock price is $59.16, we could exercise the put 

and generate 100 − 59.16 = $40.84. Alternatively, the value of waiting is

(29.53𝑞 + 50.34(1 − 𝑞))𝑒−0.06×0.25 = $39.35 < $40.84.

In this case, it is better to exercise early and therefore the value of the American put in 

that node is $40.84. We keep doing this for all nodes until we reach the beginning of the 

tree. The price of the put is then $11.03.

A spreadsheet that shows the computations can be found here. □

Practice Problems

Solutions to all problems can be found at lorenzonaranjo.com/class-materials/deriva

tives/.

Problem 1.  Explain why an American option is always worth at least as much as a 

European option on the same asset with the same strike price and exercise date.
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Problem 2.  Explain why an American call option is always worth at least as much as 

its intrinsic value. Is the same true of a European call option? Explain your answer.

Problem 3.  Give an intuitive explanation of why the early exercise of an American put 

becomes more attractive as the risk-free rate increases and volatility decreases.

Problem 4.  The price of an American call on a non-dividend-paying stock is $4. The 

stock price is $31, the strike price is $30, and the expiration date is in three months. The 

risk-free interest rate is 8% per year with continuous compounding. Derive upper and 

lower bounds for the price of an American put on the same stock with the same strike 

price and expiration date.

Problem 5.  Suppose that 𝑆 = 110, 𝑟 = 4%, 𝛿 = 8%, and 𝜎 = 40%. Using a two-period 

binomial tree, compute the no-arbitrage price of an American call option with strike $112 

and maturity 8 months.

Problem 6.  The current price of a non-dividend paying stock is $100. Every three 

months, it is expected to go up or down by 16% or 12%, respectively. The risk-free rate 

is 9% per year with continuous compounding. Compute the price of an American put 

option with strike price $98 and maturity six months written on the stock.

Problem 7.  The current price of a stock is $100. Every three months, it is expected to 

go up or down by 19% or 11%, respectively. The stock pays a dividend yield of 7% per 

year and the risk-free rate is 7% per year with continuous compounding. Compute the 

price of an American call option with strike price $98 and maturity six months written on 

the stock.

Problem 8.  Consider an American put option written over a non-dividend paying asset. 

Which of the following alternatives is correct?

a. The option should never be exercised early.

b. It might be optimal to exercise the option early if the interest rate is positive.

c. The price of the American put should be the same as an American call with the same 

characteristics.

d. It might be optimal to exercise the option early if the interest rate is negative.

Problem 9.  The current price of a non-dividend paying stock is $150. Every three 

months, it is expected to go up or down by 20% or 15%, respectively. The risk-free rate 
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is 6% per year with continuous compounding. Compute the price of an American put 

option with strike price $155 and maturity six months written on the stock.

Problem 10.  The current price of a stock is $150. Every six months, it is expected to go 

up or down by 18% or 11%, respectively. The stock pays a dividend yield of 9% per year 

and the risk-free rate is 5% per year with continuous compounding. Compute the price 

of a one-year American call option with strike price $145 written on the stock.
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