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The Capital Asset Pricing Model

Introduction

Beta Pricing is Mathematics, Not Economics

The preceding notebooks established two benchmark facts. First, in frictionless mean-variance

geometry, beta pricing holds for any frontier portfolio. Second, with a risk-free asset, this pricing

relation takes the single-beta form based on the tangency portfolio 𝑞, the risky portfolio with the

highest Sharpe ratio. The short-sales notebook showed how constraints can break that global

relation. In this notebook we return to the frictionless benchmark and ask when the tangency

portfolio should be interpreted economically as the market portfolio. Applied to 𝑞, beta pricing

gives

E(𝑟𝑖) = 𝑟𝑓 + 𝛽𝑖(E(𝑟𝑞) − 𝑟𝑓),

where 𝛽𝑖 = Cov(𝑟𝑖 , 𝑟𝑞)/𝜎
2(𝑟𝑞). It is essential to understand what this result is and what it is

not.

Beta pricing is amathematical identity. It follows from the geometry of the minimum-variance

frontier and holds for the tangency portfolio 𝑞 by construction. Its only economic content is the

law of one price embedded in the economy’s definition, whichmakes portfolio returns weighted

averages of asset returns (see Definition 1 and the footnote in the beta pricing notebook). It

does not even rule out arbitrage. Beyond that, beta pricingmakes no claim aboutwhich portfolio

investors actually hold, why they hold it, or how prices are determined in equilibrium. It is silent

on preferences, on how beliefs are formed, and onmarket clearing. Anymean-variance efficient

portfolio satisfies it.

Equally important, beta pricing imposes no assumptions on the distribution of returns. The

entire derivation requires only that the covariancematrix V is invertible, i.e., that returns have

finitemeans and variances. Returns need not be normally distributed, nor elliptically distributed,

nor follow any other parametric family. This is a significant generality: the formula holdswhether
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returns are fat-tailed, skewed, or exhibit any other non-Gaussian features, as long as the second

moment exists. The CAPM, by contrast, typically requires either normally distributed returns or

quadratic utility to justify mean-variance preferences as the basis for investor choice, both of

which are strong additional assumptions.

The CAPM as an Economic Theory

TheCapital Asset PricingModel (CAPM), developed independently by Sharpe (1964) and Lintner

(1965), is an economic statement. It takes the frictionless mathematical framework of the

previous notebooks and adds assumptions about investor behavior and market equilibrium to

answer a question that beta pricing cannot: which portfolio is the relevant pricing factor?

The CAPM’s answer is themarket portfolio, the value-weighted portfolio of all risky assets in the

economy. This identification does not follow frommathematics alone; it requires an argument

about how individual investor demands aggregate. The assumptions are economic in nature:

investors share the same beliefs, face the same opportunity set, andmarkets clear. Under these

conditions, every mean-variance investor optimally holds a combination of the risk-free asset

and the same tangency portfolio 𝑞, the risky portfolio with the highest Sharpe ratio. Since all

investors agree on 𝑞, and in equilibrium aggregate risky-asset holdings must equal total supply,

the tangency portfoliomust be themarket portfolio. Beta pricing then applies with 𝑞 = 𝑚, giving

the CAPM formula.

The distinction matters for interpretation and testing. A finding that expected returns are linear

in beta with respect to some portfolio is always true if that portfolio is efficient, so it proves

nothing about the CAPM. Verifying the CAPM requires the additional economic step of showing

that the efficient portfolio in question is the market portfolio, which is precisely the content of

Roll’s critique discussed below.
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The CAPM

The Equilibrium Argument

We maintain the frictionless setup of the risk-free asset notebook and add the equilibrium

assumptions needed to identify the tangency portfolio with the market portfolio.

Assumption 1 (CAPM Assumptions). In addition to the economy described in Definition 1, we

assume:

i. All investors have mean-variance preferences and share identical beliefs about the joint

distribution of asset returns.

ii. All investors face the same risk-free rate 𝑟𝑓 and can borrow or lend at this rate without

restriction.

iii. Asset markets clear, so aggregate demand for each risky asset equals its exogenous supply.

Under these assumptions every investor faces the samemean-variance problem. With a risk-

free asset, the optimal risky portfolio is the one that maximizes the Sharpe ratio, which is

the tangency portfolio 𝑞. Investors differ only in how much they allocate between 𝑟𝑓 and 𝑞,

depending on their risk aversion, but they all hold the same risky portfolio 𝑞. Since 𝑞 is the only

risky portfolio held by any investor, in aggregate the demand for each risky asset is proportional

to its weight in 𝑞. Market clearing then requires these weights to equal themarket-capitalization

weights, so 𝑞 coincides with the market portfolio𝑚.

This equilibrium argument also explains why the no-short-sales constraint is naturally non-

binding in the CAPM benchmark. If every risky asset is in positive net supply, market clearing

requires the market portfolio to assign it a strictly positive weight. Since the tangency portfolio

coincides with the market portfolio in equilibrium, it must also assign strictly positive weight to

every asset. Thus prices adjust so that the unconstrained tangency portfolio already satisfies

the non-negativity constraints. At 𝑞, the constrained and unconstrained minimum-variance

frontiers therefore coincide.

This observation is also the starting point of the Black and Litterman (1992) approach. If market-

capitalization weights are taken as an equilibrium tangency portfolio, then the CAPM can be
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inverted to recover the vector of equilibrium expected returns consistent with those weights.

Investor views are then introduced as deviations from that benchmark rather than as a replace-

ment for it.

Property 1 (Capital Asset Pricing Model). Under Assumption 1, the tangency portfolio is the

market portfolio𝑚. For any of the 𝑛 risky assets, or any portfolio of them,

E(𝑟𝑖) = 𝑟𝑓 + 𝛽𝑖 �E(𝑟𝑚) − 𝑟𝑓� ,

where 𝛽𝑖 = Cov(𝑟𝑖 , 𝑟𝑚)/𝜎
2(𝑟𝑚).

Theproof follows immediately from thebeta-pricing result in the risk-freeasset notebookapplied

to 𝑞 = 𝑚. The quantity E(𝑟𝑚) − 𝑟𝑓 is the equity risk premium, and 𝛽𝑖 measures the systematic

exposure of asset 𝑖 to market risk. Idiosyncratic risk carries no premium: two assets with the

same 𝛽𝑖 must have the same expected return regardless of their total variance.

Black’s zero-beta CAPM (Black 1972) is the main theoretical extension: if investors cannot

all borrow and lend freely at the same risk-free rate, the linear pricing relation survives but

the intercept is no longer 𝑟𝑓 and is instead pinned down by the expected return of a zero-beta

portfolio.

Two Foundations

Assumption (i) of Assumption 1 is a statement about preferences, and the two standard ways

to justify it (Tobin 1958) lead to economies that differ in an important way: whether investors

prefer more to less.

The first foundation is quadratic utility, 𝑢(𝑊) = 𝑊 −
𝑏

2
𝑊2, under which expected utility

depends only on the mean and variance of wealth for any distribution of returns (Mossin 1966).

Marginal utility 1 − 𝑏𝑊 is linear in wealth, so the stochastic discount factor is linear in the

market return. It is the SDF in the space of traded payoffs of the law of one price notebook,

with the market as the frontier return, and it is negative in every state where wealth exceeds the

bliss point 1/𝑏. Mean-variance preferences are not monotone in general, as the next example

shows.
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Example 1. An investor ranks wealth by E(𝑊) −
𝛾

2
V(𝑊)with 𝛾 = 0.1, and holds a riskless

wealth𝑊0. Offer the investor, for free, a lottery that pays $100 or $0 with equal probability.

The mean of wealth rises by 50 and its variance by 2,500, so the investor’s utility changes by

50 − 0.05 × 2,500 = −75. The investor turns down a payoff that is never negative and costs

nothing, and would still turn it down if paid up to $75 to take it.

This is why the arbitrage of Dybvig and Ingersoll (1982) does not upset a mean-variance equi-

librium in a complete market. The high-strike call that the linear SDF prices below zero adds

variance, and investors with these preferences do not want it. Investors who prefer more to

less would buy it without limit, so with such investors the CAPM cannot price every asset in a

complete market unless the market return is bounded.

The second foundation is normal returns. If returns are jointly normal, every investor with

increasing and concave utility ranks portfolios by their mean and variance, while still preferring

more to less. The SDF is then proportional to marginal utility, which is positive, and the CAPM

follows from Stein’s lemma, as in the CARA derivation of Consumption and Portfolio Choice. It

holds for the normal assets and their portfolios, which is why Property 1 is stated for those, but

not for options on them: their payoffs are not normal, and they are priced by the positive SDF

instead of by their betas. The cost is that normal payoffs are unbounded below, so wealth can

be negative and limited liability fails.

Both foundations price the traded assets with the same linear SDF. Under normality, it is the

projection of the positive SDF onto the traded returns, so the two foundations disagree only

about payoffs outside that span.

The Security Market Line

The CAPM implies a linear relationship between an asset’s expected return and its beta. This

line, defined by the two points (0, 𝑟𝑓) and (1, E(𝑟𝑚)) in (𝛽, E(𝑟)) space, is called the security

market line (SML). Every asset and portfolio must lie on the SML in equilibrium.

Note that the SML is defined in (𝛽, 𝜇) space, which is distinct from themean-standard devia-

tion space used to display theminimum-variance frontier. The SML applies to all assets and
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Figure 1: Security market line (SML). All assets must lie on the line in CAPM equilibrium. The market

portfolio has 𝛽 = 1 and expected return E(𝑟𝑚); the risk-free asset has 𝛽 = 0 and expected

return 𝑟𝑓.
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portfolios, including those that are not on the frontier. The CAL, by contrast, only describes the

set of efficient portfolios formed by combining the risk-free asset with the market portfolio.

Roll’s Critique

Roll (1977) raised a fundamental objection to empirical tests of the CAPM. His argument has

two parts.

First, the CAPM is a statement about the truemarket portfolio, which in principle includes every

risky asset in the economy: publicly traded stocks and bonds, but also private equity, real estate,

human capital, and all other stores of value. This portfolio is unobservable in practice. Empirical

tests must therefore substitute a measurable proxy, typically a broad stock index.

Second, andmore fundamentally, the beta-pricing relation E(𝑟𝑖) = 𝑟𝑓 + 𝛽𝑖(E(𝑟𝑝) − 𝑟𝑓) holds

exactly for any mean-variance efficient portfolio 𝑝, as a mathematical consequence of the

frontier analysis in the previous notebooks. It does not require equilibrium. This means that if a

researcher finds that a given index is mean-variance efficient, the SMLwill hold by construction,

but this says nothing about whether the index approximates the truemarket portfolio or whether

the CAPM equilibrium condition is satisfied. Conversely, if the index is not efficient, the SML

will be rejected even if the CAPM is true and the true market portfolio is efficient.

The implication is stark: any test of the CAPM using a proxy for the market is simultaneously a

test of two distinct hypotheses: (i) that theCAPMequilibriumholds and (ii) that the chosen proxy

is a good approximation to the truemarket portfolio. These hypotheses cannot be separated

without observing the true market portfolio, making the CAPM fundamentally untestable.

This joint-hypothesis problemshaped the empirical literature that followed, including the classic

cross-sectional tests of Fama and MacBeth (1973), which operationalized the CAPM with

observable proxies while inheriting exactly the identification problem Roll emphasized.
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