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This notebook introduces Epstein-Zin preferences as a way to separate risk aversion from
intertemporal substitution in asset-pricing models. It starts with the lognormal benchmark
under power utility, then derives how recursive utility changes the stochastic discount factor
and risk-premium decomposition. The goal is to build clear intuition for which macro risks are
priced, why long-run risk matters, and how these equations connect to the empirical asset-
pricing puzzles discussed in class.

Lognormal Consumption

As a benchmark before introducing Epstein-Zin recursion, start with the standard power-utility
model and lognormal consumption growth. This baseline pins down how interest rates and
risk premia relate to marginal utility when risk aversion and intertemporal substitution are tied
together. Let lowercase letters denote logs, so ¢; = In(Cy) and Acy1q = Cp4q — Ct. ASSUmMe

Acty1 ~ NV (Et(Act+1)'0-t2(ACt+1))

and preferences are CRRA (power utility):
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where § = —In(B). Thus, Mg ~ N (E¢(Mes1), 07 (Mes1)) Where
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The Risk-Free Rate. We can compute

1
Et(M¢yq) = exp (Et(mt+1) + 501:2(7’””1))
1,
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Therefore,
Trt+1 = ln(Rf,1:+1) = —In(E¢(M¢41))

1
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This expression implies three comparative statics for the real risk-free rate. Higher impatience
(6) raises the risk-free rate. Higher expected consumption growth also raises the risk-free
rate because if households expect to be richer tomorrow, they save less today, lowering bond
demand and raising yields. By contrast, higher consumption-growth uncertainty lowers the
risk-free rate through precautionary saving. In the data, the real risk-free rate is low and stable
despite positive expected consumption growth—a tension sometimes called the risk-free rate
puzzle—which Epstein-Zin preferences help address by decoupling the precautionary-saving
response from risk aversion.

Equity Premium Puzzle. Ifm ~ N (1m,62) and M = e™, then E(M) = e™*0:56” and
o2(M) = (e%° — 1)e2™*+9° Therefore
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Using the Hansen-Jagannathan bound, we can write the Sharpe ratio of the market as

Et(Rmt+1) — Rftiq
Ut(Rm,t+1)
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In the data, the market Sharpe ratio is around 0.5, whereas the standard deviation of consump-
tion growth is around 0.01, implying an RRA coefficient of at least 50.

Lognormal Returns. Next, assume log returns and the log SDF are jointly conditionally normal,

so that:
1=E(M¢+1Rie41)
= E;(eMt+11Tit+1)
1
— eEt(mt+1+ri,t+1)+Eo't_?(mt+1+ri,t+1)
Therefore,

1
Et(Migq +7iee1) + Eo-tz(mt+1 + 7it+1) =0 (1)

Substituting the CRRA log SDF into (1) and expanding o (M1 + 7; 141) gives

5 1 1, (1
EtActyq = —; + ; EeTies1 + 50t ;Ti,t+1 —AcCtyq (2)

Equation (2) shows that expected consumption growth increases with expected asset returns
and with the conditional variance of ;ri“l — Act 1. Expanding that variance implies depen-

dence on return variance, consumption-growth variance, and their covariance.
Equation (1) also implies that

Viie
Ee(rit+1) — Trpe1 t > = YVicee (3)

where V;; o = 0£(1;¢41) and Vic; = Covy(Acey1,Tic41)- Equation (3) says expected excess
log return is increasing in an asset’s covariance with consumption growth (V;. ;). Assets that
pay off more when consumption is high are riskier for a representative investor and therefore

require higher expected returns.

Theterm V;; /2 is a Jensen’s inequality correction specific to log returns and is small in practice

relative to the covariance term.



Epstein-Zin Preferences

The standard CRRA time-additive model is equivalent to a recursive specification: the continua-
tion value U, satisfies the Bellman equation

U™ = (1= B)CTY + BEULD.

In this formulation, the agent’s attitude toward risk and their willingness to substitute consump-
tion over time are both governed by the single parameter y. Specifically, y is the coefficient of
relative risk aversion, while the elasticity of intertemporal substitution (EIS) is constrained to
equal 1/y. This tight link is a restrictive feature of the standard model: an agent who is very risk
averse (large y) is also forced to have a very low willingness to substitute consumption over

time, even though these are conceptually distinct aspects of preferences.

The Epstein-Zin model decouples these two parameters by introducing an additional scaling
parameter 6 into the recursion:

1~y

1y 1y 1
U’ =a-pc’ +p(EUED)’,
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_ 1=y

S 1-1/y

The parameter 1) now independently controls the EIS, so y and 1) can be chosen freely to match

0

empirical estimates of risk aversion and intertemporal substitution separately. Wheny = 1/y
we have 8 = 1 and the standard power utility model is recovered as a special case. Intuitively,
0 governs the relative weight on intertemporal substitution versus market-return news in the
SDF: when 68 > 1 (equivalently, y > 1/1) the agent prefers early resolution of uncertainty, and
this tilts the SDF toward the market-return factor.

The Budget Constraint. In any dynamic model of portfolio choice, consumption C; is derived
from the agent’s existing wealth IW;. After consuming, the remaining wealth W; — C; is invested
in a portfolio whose gross return from period t to t + 1 we denote R, 1, 1, giving the intertemporal
budget constraint

Wit1 = Ry 41 (We — Cy) (4)



Thereturn R, ;14 is best understood as the return on a claim to the agent’s entire future con-
sumption stream—the so-called market portfolio that also appears in the traditional CAPM.
Since wealth equals the present discounted value of current and future consumption, we have

oo
Wy = E¢ th+th+j )
j=0

where M, ; denotes the multi-period stochastic discount factor from ¢ to t + j (the product of
one-period SDFs, with My, = 1).

The Stochastic Discount Factor. Applying Bellman’s optimality condition to the EZ recursion,
it can be shown that the stochastic discount factor takes the form
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Cre1) ¥ 1
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This expression makes the separation of preferences transparent. The first factor is an intertem-

poral substitution term: it depends on consumption growth raised to —1 /1, the inverse of the
EIS. The second factor captures the return on the market portfolio and reflects how utility is
affected by revisions in future investment opportunities. In the standard power utility case
(6 = 1), the second factor vanishes and only consumption growth determines the SDF.

Taking logs, with § = — In 8 and lowercase letters denoting logs of their uppercase counterparts,
the log SDF is

Meyr = —06 — (0/Y)Ace — (1 — H)Tw,t+1-

Using the general log pricing equation (3), the log risk premium for any asset i satisfies

Viie 0
Ee(Tit+1) — Tres1 + - = EVic,t + (1= 0)Viw,: (5)
where Vic; = Cove(7¢41,Act41) and Vi r = Cove(Ti¢41,Twe+1)- The left-hand side is
the expected excess log return plus a convexity correction. The right-hand side loads on two
covariances—with consumption growth and with the market return—with weights that depend

on 8 and hence on the preference parameters y and .



A Note on Solving Difference Equations

The log-linearization and innovation decompositions below rely on the solution to a class of
forward-looking difference equations. Consider

Ve = P(Xer1 + Ver1)

where Xx; is a random variable known at time t and |p| < 1. To solve for y;, we iterate forward.

Substituting for y; 1, then for y;,,, and so on yields the telescoping expansion

Yt = PXt+1 T PYe+1
= pxpp1 + PE(Xp42 + Ver2)
= PXey1 + P*Xerz + PP V42

= pxpp1 + PP xein + PP Xeiz + P3Vers,

so that
n

Y = Z Pxeei+ P Vein

j=1
As long as the transversality condition lim,,_, ., p™"V¢+n = 0 holds—which rules out explosive
bubble paths in the variable y,—the remainder term vanishes as n — co and we obtain

ye= ) Py (6)
j=1

This solution holds ex-post, meaning it holds path by path for the actual realizations of x; ;.
Since it holds ex-post, it must also hold ex-ante as a conditional expectation:

(o]

Ye = Ethijj.

j=1
Revisions of Expectations. The solution (6) is determined by the entire sequence of future
realizations x, ; for j = 1. As time passes and new information arrives, agents revise their

expectations. At time t the agent expects x. ; to equal E; (x;, ;); a period later, the expectation



updates to E; 1 (x¢4;). We define the revision in expectations of x; ; as

(Ets1— Et)xt+j = Et+1(xt+j) - Et(xt+j)-

A key identity follows from the fact that y, is already known at time t: since (E;y1 —E;)y: = 0,
we have

(Ee+1 —Ep) 2 ijt+j = 0.
j=1

This identity—that the discounted sum of all expectation revisions must equal zero when the
left-hand variable is predetermined—is what underlies every innovation decomposition in these
notebooks.

Log-Linearization of the Budget Constraint

To make the model tractable, Campbell (1993) proposes log-linearizing the budget constraint.
Dividing (4) by W; and taking logs gives

AWiyq = Ty e +In(1 —exp(cy — wy)) (7)

where Aw; 1 = wyy1 — W denotes log wealth growth. The difficulty is the nonlinear term

In(1 — e€t="t), which depends on the log consumption-wealth ratio cw; = ¢; — wy.

To handle this nonlinearity, we perform a first-order Taylor expansion of In(1 — e*) around its
steady-state value X:

X

¢ X 8
ex(x_x) (8)

In(1 —e*) = In(1 — e*) — 1=

Definingp =1 — e*, which equals the steady-state fraction of wealth that is saved rather than
consumed, this simplifies to

ln(l—ex)zk+<1—%)x 9)



where k can be computed from (8). The parameter p is slightly less than one and plays a central
discounting role for future terms throughout the model.

Substituting (9) into (7) yields a linear approximation to log wealth growth:

1
Awppr =k +7 09 + (1 - ;) cWy

where cw; = ¢, —w;. Because Aw; 1 = Acyyq — cWyi1 + cw; by definition, we can rearrange
to write the consumption-wealth ratio as a function of next period’s variables:

cwy = p(k + Ty ee1 — BCeyq + CWeyq).

This is a forward-looking difference equation in cw;. Applying the solution (6), we obtain

Cwe = ij(k + Twerj — Dty j) (10)
=

so that the log consumption-wealth ratio at time t equals the discounted sum of all future

differences between market returns and consumption growth.

Innovations in Consumption Growth. An important implication of (10) is that, since cw; is
known at time t, the revision in expectations of cw; between t and t + 1 must be zero:

(Et+1 —Ep) Z Pj(rw,t+j - ACt+j) = 0.
Jj=1

Expanding and rearranging yields an expression for the unexpected component of consumption
growth:

[ee]
Actyq —E¢Acty1 = Twe1 — EeTw,ee1 + (Eerr —Ep) Z P (Twerjer — Dcerjrr) (1)
=1

Equation (11) reveals three channels through which consumption can grow unexpectedly: an
unexpected high return on wealth today, upward revisions in expected future market returns,
and upward revisions in expected future consumption growth itself. All three raise current



consumption by making the agent feel wealthier via the permanent income logic: good news

about any future income stream raises current wealth and thus current spending.

Using the general lognormal pricing equation (1), applied here to the market return under EZ
preferences, one can show that expected consumption growth satisfies

EtActyr = U FYE Ty t41 (12)

The slope v is the EIS: higher expected market returns translate directly into higher expected

consumption growth, capturing the intertemporal substitution channel. Here

10\
pe = =6y + 2\ of (Why,ee1 — Acer1)

captures the precautionary savings motive and terms related to conditional variances. Sub-
stituting into (11) to eliminate future consumption growth in favor of future market returns
gives

Acryq —EtAcryq = Twt+1 — Et w41

F A=) Eer1 —ED) ) Plinerjn
=1
— (Et41 —Ep) Z P et
j=1

Rewriting the Covariance with Consumption Growth. Equation (13) implies that the
conditional covariance of any asset return 1; ;1 with consumption growth decomposes as

Cove(Tit+1,A¢t41) = Viwe + (A= P)Vipt — Vige



where
Viwe = COVt(ri,t+1'rw,t+1)
(o e}
Vine = Cove | 7y t41, (Bey1 — Ep) P]Tw,t+j+1

Jj=1

Vigt = Cove | Tit41, (Er41 —Et) P].Ut+j+1

[ee]
j=1

The term V;,, ; is the covariance of asset i’s return with the current market return. The term
Vin,+ captures the covariance with revisions in expectations of future market returns—a hedge
demand channel that distinguishes the Epstein-Zin model from the static CAPM. The term V;; ;

measures exposure to changes in future conditional variances or risk premia.

Substituting this decomposition into (5) yields

Vit

7]
Ee(rite1) — Trpa1 = — > +VViwe + v — DVipe — EVia,t (14)

The first term —V;; . /2 is a convexity adjustment. Current market risk is priced at y, the coeffi-
cient of relative risk aversion. News about future market returns is priced aty — 1: an asset that
covaries positively with good news about future investment opportunities provides a hedge, so
it commands a lower expected return wheny > 1. The last term reflects aversion to changing
second moments.

Innovations in Market Returns

An alternative decomposition, developed by Bansal and Yaron (2004), starts from the symmetric
perspective of explaining market return innovations rather than consumption growth innovations.
Rearranging (11) to solve for unexpected market returns gives

Pj(ACt+j+1 — Twetrjr1) (1)

(o]
Twi+1 — Et Tw,t41 = ACt41 — E¢ Acryq + (Egpq —Er)

j=1

Equation (15) shows that unexpected market returns are high when unexpected consumption
growth is high, when upward revisions in expected future consumption growth are large, or when

10



downward revisions in future market returns are large. The last source acts with the opposite
sign because higher future discount rates reduce current asset prices.

Flipping (12) to express expected market returns as a function of expected consumption growth
gives

1
Bt wis1 = E (Et Aceyq — pie) (16)

Substituting this into (15) to eliminate future market returns in favor of future consumption
growth yields

Twit+1 — Bt Twes1 = Acry1 —Ef Actyq
1 o
+{1—— ) (Et+1 —Ep) Z P ACtj1
¥ T (17)

+ (Et+1 — E¢) Z P Lot i1
=1

Rewriting the Covariance with the Market Return. Equation (17) decomposes the condi-

tional covariance of asset i’s return with the market return as

1
Cove(Tit4+1 Twe+1) = Vier + (1 - E) Vigt + Vier

where
Viet = Cove (ri,t+1r Aciiq)

[o0)
Vigt = Cove | 7it41, (Et41 —Ep) z P Actyjsr
j=1

Vigr = Cove | Tit41, (Er41 —Er) P]#t+j+1

[ee)
j=1

Here V;. . is the covariance with current consumption growth, V;, ; captures the covariance
with revisions in expectations of future consumption growth—the long-run risk channel central

to Bansal and Yaron (2004)—and V;; ; reflects exposure to changing risk premia.

11



Substituting into (5) produces the risk premium in terms of consumption-based components:

Ee(Mit+1) — Tree1 = —% + VVice + (V - %) Vige + (1 = 0)Vig: (18)
This is the central pricing equation of the long-run risk literature. Current consumption risk
is priced at y. Long-run consumption risk—the covariance with revisions in expected future
consumption growth—is priced aty — 1/y. Wheny > 1/1, which holds whenever the agent
prefers early resolution of uncertainty, assets that hedge long-run consumption risk earn lower
expected returns, so long-run risk carries a positive premium. Finally, variance risk is priced at
1-86.
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