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This notebook studies zero-coupon bond pricing in two canonical short-rate models: Vasicek
and Cox-Ingersoll-Ross (CIR). Both models are useful because they deliver closed-form bond
prices and yields, making them natural benchmarks for understanding the term structure of

interest rates.

Their main difference is how they treat interest-rate volatility. In the Vasicek model, the short rate
follows a Gaussian process, which makes the algebra especially transparent but also allows
negative rates. That is not necessarily a defect: several countries experienced negative interest
rates in the recent past, so allowing for negative realizations can be empirically reasonable. In
the CIR model, volatility is proportional to /7, so rate uncertainty falls near zero and the short
rate remains nonnegative under standard parameter restrictions. In both cases, the pricing logic
is the same: derive the risk-neutral dynamics of the short rate, write the bond-pricing PDE, and

exploit the affine structure to solve for bond prices and yields.

The Vasicek Model

The Vasicek (1977) model is one of the foundational equilibrium term-structure models in
finance. The single state variable is the short rate 7, which follows an Ornstein-Uhlenbeck

process:
dr = k(8 —r)dt + o dB.

The stochastic discount factor is then specified as

dA
T = —rdt — (AO + /117‘) dB.



Let 5 denote the money-market account, so that

% =rdt.
B
The parameter k > 0 governs the speed of mean-reversion: the short rate is pulled back
toward its long-run mean @ at rate k. The parameter o controls the instantaneous volatility of
the short rate, and A, + A1 is the market price of interest-rate risk, affine in . The model
is tractable because both the SDF and the short rate are driven by the same Brownian motion B,
so interest-rate risk is the only source of uncertainty and bond prices can be derived in closed

form.

The affine market price of risk, introduced by Duffee (2002), decouples physical and risk-neutral
dynamics: k* and k can differ, so the yield curve can fit risk-neutral parameters while the time
series of rates identifies physical ones. This flexibility helps avoid the overidentifying restrictions

of completely affine models emphasized by Dai and Singleton (2000).

Consider a zero-coupon bond Z (r, T') with face value $1 maturingin T periods. The fundamental
pricing equation in continuous time states that the expected excess return of any asset equals
minus the covariance of the SDF with the asset’s return:

dA
E(dZ) ~rZdt = —— dZ.

The left-hand side is the expected capital gain in excess of the risk-free return, while the right-

hand side captures the risk premium required by investors.

This equation has a direct interpretation in terms of a risk-neutral measure. By Girsanov’s

theorem, define the density process

dP* APt

dP |, Ao’

so that
dB* =dB + (A + Aq1) dt

defines a Brownian motion under P*. Substituting dB = dB* — (1¢ + A,7) dt into the short



rate equation, the dynamics of r under P* become

dr =k*(0* —r)dt + o dB~, K*=k+ad4, 0 ET
Under this change of measure, the fundamental pricing equation reduces to E*(dZ) = rZ dt:
every asset earns exactly the risk-free rate in expectation under P*, so the discounted price

process Z /3 is a martingale under P".

Solving the PDE

The martingale condition E*(dZ) = rZ dt translates directly into a PDE for Z(r, T). Applying

Ito’s lemma under the risk-neutral dynamics:
dZ = Zp dr + 5 Zy, (dr)? — Zy dt
= (;c*(e* — 12 + 507y — ZT) dt + Z,0 dB*.

The minus sign before Z arises because T denotes time to maturity, which decreases as

calendar time advances. Setting the drift equal to rZ yields the bond pricing PDE:
K*(0" =12y + 502Zyy — Zp —TZ =0, (1)

subject to the boundary condition Z(r,0) = 1. The parameters A, and 4, jointly govern the
compensation investors demand for interest-rate risk. When k* > 0, the risk-neutral dynamics
remain mean-reverting, and 6* generally differs from 8, embedding a risk premium in bond
yields.

To solve (1), we exploit the affine structure of the short rate dynamics and guess a solution of
the form
Z(r,T) =exp(a(T) +rb(T)),

so that the log bond price is affine in the short rate. Computing Z,. = b(T)Z, Z, = b(T)?*Z,
Zr = (a' + rb')Z and substituting into (1), then collecting terms by powers of r, decouples



the equation into two ODEs:
a =k*0*b + %azbz,

b’ =—1—k"b,
subjectto a(0) = 0 and b(0) = 0. Solving explicitly:

b(T) = —¢(T) T,

o? (2)
a(T)=—-0"T(1—¢(T)) +

sacye! (126D + $@1)),

where ¢(T) = (1 — e *T)/(k*T) satisfies p(T) = 1asT — 0and p(T) = 0asT — oo,

Risk-Neutral Expectation

Under the risk-neutral measure P*, the bond price equals the expected discounted payoff:

Z(r,T)=FE" [—0 o = rl.
Br
Under P*, as established above, r follows an OU process with speed of mean reversion k* and
long-run mean 6*:
dr = k*(60* —r)dt + o dB".

Solving this SDE explicitly gives

t
=04+ -0+ af e K (t=9) 4By,
0

Since r; is an affine function of B*, the integrated shortrate Xy = fOT 7, dsisnormally distributed

under P*. Its conditional mean and variance are

pr EE[Xp g =7]=60"T(1— (M) +rdp(T)T,
o?T

vi =V (Xr) = )2

(1—=2¢(T) +¢(21).



The mean follows directly fromintegrating E*[r,] = 8*+(r—8*)e " t. The variance is obtained
by integrating the autocovariance of the OU process, Cov* (15, 1) = (O'Z/ZK*)(Q_K*It_Sl -
e~ (t+9)) over the square [0, T]?.

Forany X ~ N(u, v2), the moment generating function gives E[e X] = e #*V*/2 5o
1.2
Z(r,T) =exp (—,uT + EUT) = exp (a(T) + rb(T)),

recovering exactly the affine form with a(T) and b(T) from (2).

The Yield Curve

Writing Z(r, T) = exp(—=y(T) T), the continuously-compounded zero-coupon yield is

0.2

y(1) =6"(1=9() = 30

(1-2¢(T) + ¢(2T)) + d(D) T,
an affine function of r, which is the hallmark of affine term-structure models. At the short end,
¢(T) » 1soy(T) = r;atthelongend, ¢(T) — 0 and the yield converges to

2

2(k*)?

Jim y(T) = 6" —

The asymptotic long yield lies below 8* by the convexity correction o2 /(2(x*)?). Because
bond prices are a convex function of the short rate, they respond more to rate decreases than to
rate increases of the same magnitude. This asymmetry pushes long-term bond prices above

what discounting at 8* would imply, and correspondingly pulls long yields below 6*.

The Cox-Ingersoll-Ross Model

The model proposed by Cox et al. (1985), usually denoted as the CIR model, assumes that the
short-term interest rate follows a square-root process,

dr = k(6 — r)dt + o+/rdB,.



As with the Vasicek model, the parameter k determines the speed of mean-reversion towards
the long-run mean 6. The main difference with the Vasicek model is that the variance of the
short rate depends on its level. As r approaches zero the variance goes down to zero as well.
Thus, in the CIR model the short rate cannot be negative.

For the CIR model, the dynamics of the SDF can be specified as

dA M
—=-rdt—|—=+41 dBy,,
i = v )i
where (dB,,)(dB,) = prmdt. The discount factor implies the following risk-neutral dynamics
for the short rate,

dr = k*(0* — r)dt + o\rdB;,

where
K60 — O-prm/11

K* =K+ 0prmia, 0" -

As in the Vasicek model, zero-coupon bond prices depend on the risk-neutral parameters k*
and 6.

The price P(r, T) of a zero-coupon bond expiring at T satisfies the following PDE
1
k*(0* —1r)B. + Eaerrr —Pr—1P =0, (3)

with boundary condition P(r,0) = 1.

Assume that the bond price can be written as
P(r,T) = exp(A(T) + rB(T)),

which implies P, = BP, P., = B?P and P; = (A’ + rB")P. Substituting these expressions in
equation (3) we find

1
k*(0* —r)B + EJZTBZ — (A +rB)—r=0,



which implies
A'(T) = k*6*B(T),

1
B'(T) = EO'ZBZ(T) —k*B(T) —1,
subject to the boundary conditions A(0) = 0 and B(0) = 0.
To solve for B(T), we can use the following substitution

2 F'(T)
B(T) = "o F()

which implies
2 F"(T)F(T) = (F'(T))*

POy
Thus,
2 [Frery (PNl 1,4 (FF(DY L[ 2 F'(T) ,
“o? | F(D) ‘<m)> -~ 27 F(F(T)) o <_FF<T)>_ '
implying
P _ P 1
Fy S FRm 27
or

1
F"(T) + k*F'(T) — EUZF =0. (4)
The previous equation is a linear second-order differential equation with a solution of the form
F(T) = c,e57T + c,e52T,

The values of s; and s, are solutions to the second-order characteristic polynomial

1
2 * 2
+K*s—=a%=0.
S K*s 20
We find that
—K* — —K* +
515 —— y<0, 2= ——— y>0, Y =+ (k*)?% + 202



Thus,
2 151517 + ¢,5,e527
B(T) = T2 s1T s,T
o cie-1 + cre"2

The boundary condition B(0) = 0 implies that

C151 + CySy
ci+e,
or c1S1 = —C,S,. Therefore,
2 el — gs2T 2(e’"—1)
B(T) = —— = — . 5
D= -Gem o v +r) (e —1)+2y ©
S1 So

We can now solve for A(T) since

T
A(T) = K*Q*J- B(t)dt
0

2k*0* < zye(x*+y)T/2 )
= n .

o? ¥ +x*)(e?T —1)+ 2y

The CIR Yield Curve

Writing P(r, T) = exp(—y(T) T), the continuously-compounded zero-coupon yield in the CIR
model is
A(T) B(T)
Y =——F=——7
where A(T) and B(T) are given in (6) and (5). As in the Vasicek model, the yield is affine in the
current short rate r, but the loading functions are now nonlinear in the structural parameters

because short-rate volatility depends on the level of rates.

"Note that 5,5, = —a2/2.



At the shortend, A(0) = B(0) = 0and B’ (0) = —1,soy(T) » rasT — 0. Atthe long end,
B(T) converges to the constant

lim B(T) = — ,
Tmo () y—|—}c*

while

A(T) 2k0" [y—«k" 2Kk 0"
—_ - ] .
T o2 2 Y+ k*
Therefore, the long-maturity yield is
2K*0*
Y+ Kk*

dim y(T) =
Although o does not appear separately in this expression, it enters throughy = /(k*)? + 202,

so higher short-rate volatility lowers the asymptotic yield. Unlike the Vasicek model, the long

yield in the CIR model is always nonnegative when the risk-neutral parameters are positive.
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